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A condition for two words being




The theorem Fine and Wilf is well known ([1]). They gave a condition for two word being
powers of the same word. A condition which is weaker than the condition is given in this paper.
Let I be a finite set usually called alphabet and $\Sigma$ be the free monoid generated by $\Sigma$. We
use the notation $\Sigma^{+}=\Sigma-1,$ where 1 is the empty word.
The length of a word $x=a_{1}a_{2}\cdot\cdot$ . $a_{n}$ , $(a_{1}, a_{2}, \cdots, a_{n}\in \mathrm{X})$ is the number $n$ and is denoted by
$\mathrm{M}$ . A word $u$ is said to be a prefix of aword $x$ if there exists a word $v$ such that $x=uv.$ We
denote the prefix of length $n$ of $x$ by prefw(jc). A word $v$ is said to be a suffix of a word $x$ if
there exists a word $u$ such that $x=uv.$
Let $x$ be a word of length $n\succ 0.$ For any positive integer $i$ , there exists an integer $i_{0}$ such
that $i=qn$ $+i_{0}(1\leq i_{0}\leq n)$ . We denote by Pf(x) the $i_{0}$-th letter of $x$.
We define a mapping Shift: $\sum$ $arrow\sum$, inductively as follows:
$\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{i+1}(x)=\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}(\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{i}(x))$
$\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{l}^{1}(x)=$ Shift(x) $=a_{2}\cdots a_{n}a_{1}$.
It is clear that $(\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\dot{\mathrm{f}}(x))^{j}=\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}1^{i}(\dot{d})$ for all positive integers $i,j$ .
mathrm{S}\mathrm{h}\mathrm{i}\ athrm{f}\mathrm{f}\mathrm{l}^{1}(x)$ = $ $a_{n}a_{1}
By the proof of Proposition 1.3.5 of [2], we have the following proposition 1.
Proposition 1. Let $p$ , $s\in\Sigma$ , $|p|+|s|=n,$ gcd$( |p |, s |)$ $=1.$ If $\mathrm{P}\mathrm{r}\mathrm{e}\mathrm{f}_{n-1}(\varphi)=$ Prefn-l(ps), then
there exists a letter $a$ such that $ps=\psi$ $=a^{n}\mathrm{p}$




Proposition 2. Let $p$ , $s\in\Sigma^{\vdash}$ , $p$ $|+|s$ $|=n,$ gcd$( |p |, |s |)$ $=1.$ If there exists $j\in\{1,2$ , $\cdots$ , $n_{\rfloor}^{1}$
such that $P\{(ps)=\mathrm{P}_{l}\langle\varphi$ ) for $i\neq j(1\leq i\mathit{5}n)$ , then there exists a letter $a$ such that $ps=sp=a^{n}$ .
Proof. Let $ps=a_{1}a_{2}\cdots$ $a_{n}$, $sp=b_{1}\cdots$ $b_{n}$ , $\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{j}(ps)=a$ ’ $12a’\cdots$ $a$ ’n’ $\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\overline{\mathrm{P}}(\varphi)=b’ b’\cdots b12$ ’n.
We have $a_{i}’=\mathrm{P}_{l}\langle \mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{j}(ps))=\mathrm{P}_{i+f}(ps)$ for $i\in\{1,2, \cdots, n-1\}$ . Since $i+j\not\equiv j$ (mod $n$), we
have $a_{i}’=\mathrm{P}\mathrm{X}\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{j}(ps))=\mathrm{P}_{i+/}\{ps$) $=\mathrm{P}_{i+J}(1)=\mathrm{P}_{l}\{\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}1^{i}(\psi))=b’ i$ for every $i\in\{1, 2, \cdots, n-1\}$ .
On the other hand, let $\triangleright$ $|=m$ , $a_{1}’\cdots a’ m=p’$ , $a_{ml}$’ $\ldots a_{n}’=$ s’, then $b’\cdots b1’ n=\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\dot{\#}(sp)=$
$\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\dot{\mathrm{f}}(a_{m+1}\cdots a_{n}a_{1}\cdots a_{m})=$ Shi $\mathrm{f}\mathrm{V}(\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}\mathrm{m}(\mathrm{p}\mathrm{s}))$ $=$ Shi $\mathrm{f}\mathrm{V}(\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}\mathrm{m}(\mathrm{p}\mathrm{s}))$ $=\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{m}(a’\ldots a’)1n=a’\cdots am+1’ n$
$a_{1}’\cdot\cdot$ . $a_{m}’=$ s’p’. Therefore, we have $\mathrm{P}\mathrm{r}\mathrm{e}\mathrm{f}_{n-1}(s’ p’)=$ Poefn-l $(p’ s’)$ . It is obvious that $\mathrm{g}\mathrm{c}\mathrm{d}(p’|, s’|)$
$=$ gcd( lp $|$ , $|s|$ ) $=1.$ By Proposition 1 there exists a letter $a$ such that $p$ ’ and $s$’ are powers of $a$.
This shows that $ps=sp=a^{n}$.
Proposition 3. Let $p$ , $s\in\Sigma^{\vdash},$ $\triangleright$ $1+$ |s $|=n,$ gcd$( |p |, |s|)=d.$ If there exist $j$, $k$ $\in\{1,2$, $\cdots$ ,
$n\}$ such that $\mathrm{P}$ (ps ) $\neq \mathrm{P}_{k}(ps)$ and that $j-k$ is divisible by $d$, then there are no word $x$ such that $p$,
$s$ are powers of the word $x$.
Proof. Suppose that $p$ , $s$ are powers of the same $x$ and $ps=f.$ Since $|x|$ is divisor of $d$, for
every integers $j$, $k\in\{1,2, \cdots. n\}$ such that $j-k$ is divisible by $d$, $\mathrm{P}\rho s$) $= \mathrm{P}\oint x^{r}$) $=\mathrm{P}_{k}(f).=$
$\mathrm{P}_{i}(sp)$.
-
Theorem 4. Let $p$, $s\in\Sigma^{\vdash}$, $|p1+$ $s$ $|=n,$ gcd$( \mathrm{b}1, 1\mathrm{d})=d.$ Words $p$, $s$ are powers of the same
word if and only if there exists a subset $J=\{j_{1},j_{2}$ , $\cdot\cdot$ . , $j\mathrm{J}$ $\subset I=$ $\{1, 2, \cdot\cdot. , n\}$ such that (1) for $i$
$\in I-J$, we have $\mathrm{P}_{i}(p\tau)=$ Pfsp), (2) for $j,j’\in I-J$, $j-j$’ is not divisible by $d$. Then- we have $p$
$=x$$d and $s=$ $\mathrm{i}sVd$ where $x=$ Prefffs).
Proof. By Proposition 3 the condition is necessary. We prove that the condition is sufficient.
Let $ps=a_{1}a_{2}\cdot\cdot$ . $a_{n}$, $|p|=m.$ For $k\in\{1,2, \cdots, d\}$ , we denote $a_{k}a_{k+d}\cdot\cdot$ . $a_{k+(m- d)}$ and $a_{k+m}..$ . $a_{k\star(q}$
$-1))d$ , by $p_{k}$ and $s_{k}$ , respectively. Since $k\equiv k+d\equiv\ldots\equiv k+(q-1)d$ (mod d) and the condition of-l $k\equiv k+d\equiv\ldots\equiv k+(q-1)d(\mathrm{m}\mathrm{o}\mathrm{d} \mathrm{d})$
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$J$, the set { $k,$ $k+d,$ $\cdots,$ $k+(q-$ l)d} $\cap J$ contains only one element, say $h$. We then have $\mathrm{P}_{i}(p_{k}s_{A}.)$
$=$ Pi(slpk) for $i\in$ { $k,$ $k+d,$ $\cdots,$ $k+(q-$ l)d} $-\{i_{k}\}$ . It is easy to see that gcd$( |p_{k}|, |s_{k} |)$ $=1.$ By
Proposition 2, there exists a letter $c_{k}$ such that $p_{k}s_{k}=s_{l}p_{k}=c_{k}^{q}$ for $k\in\{1,2, \cdots, d\}$ . Therefore,
we have $p=\mathit{4}^{\mu \mathrm{d}}$ and $s=x^{\mathrm{b}\nu \mathrm{d}}$ where $x$ $=(C{}_{1}\mathrm{C}_{2}\ldots C_{d})^{q}=$ Prefd(ps)..
Example 1. Let $ps=c_{1}c_{2}c_{3}?c_{5}c_{6}c_{7}c_{8}?c_{10}c_{11}c_{12}c_{13}?c_{15}$, $sp=c_{1}c_{2}c_{3}?c_{5}c_{6}c_{7}c_{8}?c_{10}c_{11}c_{12}c_{13}?c_{15}$ , and
$1p\mathrm{I}$ $=9.$ The set $J=\{1,2, \cdots, 16\}$ -{4, 9, 14} satisfies the conditions of the theorem. Therefore,
we have $p=(c_{1}c_{2}c_{\underline{\mathrm{q}}})^{3}$ and $s=(C_{1} \mathrm{C}\oint:)^{2}$ .
Corollary 5. Let $p$ , $s\in\Sigma^{\vdash},$ $\triangleright$ $|+|s$ $|=n,$ $\mathrm{g}\mathrm{c}\mathrm{d}(\mathrm{b}|, \downarrow s|)=d.$ If there exists integer $k$ such that
$\mathrm{P}\mathrm{r}\mathrm{e}\mathrm{f}_{\mathrm{n}- \mathrm{d}}$(Shiff.(ps))=Prer$\mathrm{n}-\int \mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{k}(sp))$ , then we have $p=xp\mathrm{V}\mathrm{d}$ and $s=x^{\mathrm{b}V\mathrm{d}}$ where $x=$
$\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{R}^{n-k}(\mathrm{P}\mathrm{o}\mathrm{e}\mathrm{f}x\mathrm{s}\mathrm{h}\mathrm{i}\mathrm{f}.\mathrm{t}^{k}(ps)))$.
Proof. Let $ps=a_{1}a_{2}\cdot\cdot$ . an, then there is an integer $t\in\{1,2$ , $\cdots$ , $n\rangle$ such that $a_{t}=$
$\mathrm{P}_{n\mathit{4}}(\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}p(ps))$ . Since set $J=I-\{t+1, t+2, \cdots, t+d\}$ satisfies the conditions of Theorem 4, we
have $ps=\Psi$ $=l^{ld}$ where $x=a_{1}a_{2}\cdot\cdot$ . $a_{p}$ On the other hand, we have $a_{1}a_{2}\cdot\cdot$ . $a_{d}=$ Prefd(p5) $=$
$\mathrm{R}\mathrm{e}\mathrm{f}_{d}(\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{n-k}(\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{k}(ps)))=\mathrm{P}\mathrm{r}\mathrm{e}\mathrm{f}_{d}(\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{n4}(\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}p((a_{1}a_{2}\cdots a_{\iota}j^{n\mathit{1}}9))=$ Pref $(\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}".(\mathrm{A}\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{\kappa}(a_{1}a_{2}\cdots \mathrm{a}\mathrm{j})))$
$=$ Shiftlo(Pref $(\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}’(a_{1}a_{2}\cdots a\mathrm{J}))=\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{\hslash- \mathrm{J}}(\mathrm{R}\mathrm{e}\mathrm{f}_{d}((\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}p(a_{1}a_{2}\cdots a_{d}))^{nld}))=$
Shiftlo(Pref $(\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}’((a_{1}a_{2}\ldots aJ^{n/}\mathfrak{h}))=\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{n4}(\mathrm{R}\mathrm{e}\mathrm{f}_{d}(\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}f.(ps)))$
Example 2. Let $p$, $s$, $x$ , $y$, $u$ , $v\in f::$ $ps=vxu$, $sp=vxu,$ $|p|=9$ , $\mathrm{I}x1$ $=3$ , $1u1$ $=5,$ Pref3(w) $=$
$abc$. Since $\mathrm{P}\mathrm{r}\mathrm{e}\mathrm{f}_{12}(\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{10}(ps))=uv=\mathrm{P}\mathrm{r}\mathrm{e}\mathrm{f}_{12}(\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{10}(\psi))$. On the other hand,
$\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{1\neq 10}(\mathrm{P}\mathrm{r}\mathrm{e}\mathrm{f}_{3}(\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{10}(ps)))=\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}P(\mathrm{R}\mathrm{e}\mathrm{f}_{3}(uv))=\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{10}(\mathrm{R}\mathrm{e}\mathrm{f}_{3}(uv))=\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{R}^{10}(abc)=$Shift(oAc) $=$
$bca$ . Hence, Corollary 5 shows that $p=x^{3}$ and $s=x^{2}$ where $x=\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}1^{1>10}(\mathrm{R}\mathrm{e}\mathrm{f}_{3}(\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{f}\mathrm{t}^{10}(ps)))=bca.$
Therefore, we have $p=(bca)^{3}$ and $s=(bca)^{2}$ .
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